The main purpose of this paper is to investigate the stability of the functional equation f x y, y z 2f x/2, y/2 2f y/2, z/2 in normed spaces. The solutions of such functional equations are considered.
Introduction
The stability of functional equations was originated from a question of Ulam in 1940, concerning the stability of group homomorphism 1 . Since then, the stability problems of various functional equations have been extensively investigated by a number of authors and there are many investigating results concerning this problem see 2-12 . Throughout this paper, we study the stability of the functional equation
where X is a normed space, Y is a Banach space, and f : X × X → Y is a mapping. The solutions of such functions are considered. We recall that a mapping f : X × X → Y is called additive if f x z, y w f x, y f z, w .
1.2
Throughout this paper X is a normed space and Y is a Banach space. 
The General Solution of the Functional Equation 1.1
Before proceeding the proof of the main result, we shall need the following two lemmas.
Lemma 2.1. Let f : X × X → Y be a mapping satisfying 1.1 and f −x, −y f x, y for all x, y ∈ X. Then f is zero.
Proof. Suppose that f : X × X → Y is a mapping satisfying 1.1 and f −x, −y f x, y . It is clear that f 0, 0 0. Letting y z 0 and replacing x by 2x in 1.1 , we obtain
Similarly, letting x y 0 and replacing z by 2x in 1.1 , we obtain f 0, 2x 2f 0, x .
2.2
Putting y 0 and replacing z by y in 1.1 , we get
for all x, y ∈ X, where the last equality follows from 2.1 and 2.2 . It follows from 2.3 and
2.4
Replacing x and y by x/2 and x/2 in 2.4 , respectively, we obtain
Also, replacing y and x by −x/2 and x/2 in 2.4 , respectively, we get
It follows from 2.5 and 2.6 that
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Replacing y by x in 2.8 , we get
By 2.1 and 2.9 , we have
The equalities 2.7 and 2.10 imply that
Now, it follows from 2.3 , 2.10 , and 2.11 that f x, y 0.
2.12
This completes the proof. Proof. It is easy to show that f 0, 0 0. Putting y z 0 and replacing x by 2x in 1.1 , we obtain f 2x, 0 2f x, 0 .
2.13
Again, putting x y 0 and replacing z by 2x in 1.1 , we obtain f 0, 2x 2f 0, x .
2.14
Putting y 0 and replacing z by y in 1.1 , we get Throughout this section, we prove the stability of the functional equation 1.1 .
for all x, y ∈ X.
Proof. Letting x y z 0, we have f 0, 0 0. Putting y z 0, we obtain
By induction, we conclude that
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for all m, n ∈ N with m > n. By induction, we get
as n → ∞, h x 2h x/2 for all x ∈ X. Similarly, we can prove that there exists a mapping g : X → Y such that
as n → ∞ and g x 2g x/2 for all x ∈ X. Now, if
and F n 2 n f x y /2 n , y/2 n − h x y − g y , then we get
for all x, y ∈ X. Thus we obtain
for all x, y ∈ X. Let G n 2 n f x/2 n , y/2 n − h x y − g y h y . Then we conclude that
for all x, y ∈ X. It follows from 3.12 that for all x, y ∈ X. Let F x, y h x g y . Then we conclude that
as n → ∞, it is sufficient to show that
We have
3.23
9
As n → ∞, we have
This completes the proof.
Corollary 3.2. Suppose that f : X × X → Y is a mapping such that
where p > 1 and > 0. Then there exists a mapping F :
3.26
Corollary 3.3. Suppose that f : X × X → Y is a mapping such that
where p > 1/2 and > 0. Then there exists a mapping F :
3.28
for all x, y ∈ X. 
3.30
It is not difficult to show that φ satisfies Theorem 3.1 since
for all x, y, z ∈ X. Theorem 3.1 implies that there exists a mapping F : X × X → Y satisfying 1.1 and
φ 0, 0, 0 0 and
3.37
Proof. It is clear that f 0, 0 0. Now, letting y z 0, we obtain
By induction, we have
It follows that, for any > 0, there exists N ∈ N such that, for all n, m ∈ N with m > n > N,
Thus { 1/2 n f 2 n x, 0 } is a Cauchy sequence in Y . The completeness of Y implies that there exists h x such that
as n → ∞, h x 1/2 h 2x . Similarly, we conclude that there exists a mapping g : X → Y such that
and g z 1/2 g 2z . Let
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for all x, y ∈ X. By hypothesis, 3.41 and 3.43 , we get
where the last inequality follows from 3.46 . By 3.41 and 3.43 , we conclude 
3.52
Now, we have f x, y − F x, y ≤ f x, y − 1 2 n f 2 n x, 0 − 1 2 n f 0, 2 n y 1 2 n f 2 n x, 0 1 2 n f 0, 2 n y − F x, y .
3.53
Let H n f x, y − 1/2 n f 2 n x, 0 − 1/2 n f 0, 2 n y . Since we know that 
